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The problem of the unsteady motion of a visco-plastic body has attracted
for some time the attention of rusearch workers [1-3). The analysis of
available exact and approximate solutions of unsteady problems has been
given in a monograph by Mirzadzhanzade [4].

In this paper a formulation and effective approximate solution will
be given of the problem concerning the impact on the rigid obstacle of a
visco-plastic bar of finite length. The problem of the elasto-plastic
impact of a bar on a solid obstacle was considered by Lenskii [5].

1. Formulation of the problem. A bar of finite length, consist-
ing of visco-plastic incompressible material, is translated in the
direction of its longitudinal axis and with an initial velocity - v, at
time t = 0 strikes a solid obstacle (Fig. 1).

We assume that the motion of the bar is almost

uniform, 1.e. the stress, the velocity, etc., are
given as the average value over the section of
the bar.

In the given case the relation between the

values, averaged over the cross-section, of the
stress o and the velocity of deformation v/2x L
in the visco-plastic medium are given by
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where v(x, t) is the velocity of the section of the bar at tine t; o,>0
is the stress at the linit point; u is the coefficient of the viscosity
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of the materials of the bar, and the coordinate x is directed along the
axis of the bar and is oriented opposite to the direction of the motion;
clearly, o <0 at all points.

Physically it is evident that the pattern of motion has the following
form. Taking into account that the propagation velocity of the elastic
disturbance in the considered mediwa is very larze, because tie Young's
modulus of that medium 1s larje, the disturbance takes place almost
instantaneously over the whole bar. Then, the velocity of the motion for
an arbitrary ¢t > 7 Jiffers from — v, at all points of the bar.

The bar will be divided into two parts. In one part (0 <x g xo(t)),
which can be called the visco-plastic region, the stresses exceed o, and
visco-plastic flow is obtained. In the second part (xy(t) < x <) which
we call the elastic (rigid) region the stress is less than oy, so that
this part of the bar is moving as a rigid body. On the moving boundary
between the visco-plastic and the elastic part x = x,(t), whose position
has to be determined in the course of the solution of problem, stress
and velocity are continuous.

The fundamental equation of motion has the following form

v as
Lo = 37 (1.2)

where p is the density of the material of the bar, which we assume to be

constant; t is time. Then, by virtue of Equation (1.1) in the visco-
plastic region the velocity satisfies the heat equation

”’% (0w < x (1)) (1.3)

dv %
LAY L 2
ot a oxt’ a

and in the elastic region the equation
dv ,
=0 (o (1) <2< D) (1.4)
After integrating Fquation (1.4), it follows
v=—2() (@O<z<D (1.5)

where — v (t) represents the motion of the elastic region of the bar,
which 1s an unknown function of time.

“quation of motion in the elastic region is given by

M m’;z(ﬂ =2 pFo [l — 1, (8)] 4 =3 {2 (t) +4- 0, t1 Fy (1.6)

where M 1s the mass of the elastic part of the bar and F, is the area of
the cross-section of the bar,
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Taking into account that the stress on the moving boundary, x = xy (1),
i1s continuous, the relation (1.6) leads to

dog(t) S 7
Tdt T T e[z (0] (1.9)

Furthermore, by virtue of the continuity of the velocity on the moving
boundary, x = x,(t), we have

plze (1), 1= — 25 (t), s vlne(t), 1] =0 (1.8)
The boundary and initial conditions are given by (1.9)
2(0,0)=0 >0, v@0=—v Oz 200) =12, z(0)=0

Thus, the problem is reduced to the determination of the functions
v(x, t); v,(t) and xo(t), satisfying Fquations (1.3}, (1.7), (1.R) and
(1.9).

2. The system of fundamental equations in dimensionless
form. The study of impact of a visco-plastic bar on a solid body is re-
duced to the problem of heat conduction with a moving boundary, which is
not reducible to the traditional boundary value problems of mathematical
physics.

It is convenient to use the dimensionless quantities, namely

(2.1)

vy (1)

pE ) =—"00 o gl (gl

Vg { {

Then from Equations (1.3}, (1.7) to (1.9) one obtains the system of re-
lations for determination of the unknown functions u(g, 7), §,(7), u,(7)

9 o? )
5%:5§' O<ESE(T) (2.2)
duo('r) . s .
A e 7Y 63 (2.3)
w180 (%), Tl = uo (1), % ull(r), 1] =0, u(0,1)=0 >0 (2.4

flere s = oyl/uv, is Saint Venant’s parameter, which is the dimension-
less combination of the known parameters and which characterized the
motion.

3. Approximate solution. For an approximate solution of the
system (2.2) to (2.4) the method for the boundary layer [6] given by
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von Karman and Pohlhausen will be used; namely we represent the function
u{€, 1) approximately in the form*

5 g o i :
. (g T) B J 2uq (T) Eo (1) o (1) E2 (1) O<EC Lo (7)) (% 1)
, l uo (T) G <ESY)

If the functions uy(r1) and §( (1) satisfy the last two conditions of
(2.4), then (3.1) satisfies all conditions of (2.4). Obviously, the
function (3.1) does not satisfy Lquation (2.2) exactly; it will be neces-
sary that it satisfies the integral relation which follows from the
gquadrature of Equation (2.2) over the entire visco-plastic region,

(0 <€ < §y(1)). Using integration by parts, and taking into account
(2.4) we have
%, (%) % ()

i %dg:% S udﬁ—u[&o(t),r]%:
0

( T
d d 2?2 7}
- Vv —unmeE= | FEda-—(5).,
0 0
Finally, we obtain the integral relation in the form
d & (7) dx P
u
sl uevd—u@PE=—(5)._, (3.2)
0
By virtue of (3.1) we have
g (T)
J . i Qli . 2u0 (T)
& u-(g, T) dg - 3 110 (t) gO (T)’ ag )E =0 - §0 (T) (33)
0

Substituting (3.3) in (3.2) and using (2.3) we obtain

dze 6 250 (T)

T B T EMlw

(3.4,

From the system of Iquations (3.4) and (2.3) and using the condition
(2.5) we can determine the functions uy(7) and §,(7); and then an
approximate solution of the problem under consideration will be obtained.
It is convenient to introduce new Jependent variables

(T

Y ) q == gnj (T) (3':))

&

* This approximation coincides with that of the averaging method given

by Slezkin-Targa [7].
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Then, the system (3.4) and (2.3) takes the form

dq 4q dp 1

= 14— —= _—=— 3.6

dv r(l—=Vg & 1—Vq (5:6)
This system does not contain Saint Venant’s parameter s. Consequently,

the initial conditions are

PO=—,  ¢0)=0 (3.7

Dividing the first of Equations (3.6) by the second one, it follows

T=—120—Vg+ 2 (3.8)

Qualitative examination of this equation is elementary. The region
(p 0, 0 <g <1) of the integral curves given in Fig. 2 represents the
solution under consideration. At the origin of the coordinate system
there is a singular point of the
g 8:4p nodal type. The integral curves ema-
T A A nate from the origin and have a
tangent, 9 = 4p; in the neighborhood
of the origin the integral curves

satisfy the relation

q = 4p +0(p*) (3.4

Fig. 2. The line of separation divides
the integral curves which are emanat-
ing from the origin into two classes: the curves of Class 1 are : saracter-
ized by the increasing of the ordinate q to a certain maximum, less than
unity, which is on the curve p = 9/3(1 - Jq); further, they turn toward
the abscissa intersecting it at finite points at the same angle.

In the case of integral curves of Class 2 the ordinate increases con-
tinuously, so that the curves of that class intersect the line 7 = 1 and
in region (p > 0; 0 < g <1) do not return to the p-axis. Thus, the
curves of that class do not intersect the p-axis at finite points.

By virtue of the initial conditions (3.7) the curves of Class 1 repre-
sent the solution of the problem; the direction of the motion for points
along the integral curves with increasing time 1is indicated in Fig. 2 by
the arrows.

4. Approximate representation of the solution for larger
values of Saint Venant’ s parameter. Form of the bar after
impact. From above examination the following qualitative deduction
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follows. At the beginning of motion the visco-plastic region is extending;
its size §,(7) =\ (q(71)) increases, reaching its maximum at T = 7y(s)
(Fig. 3), and then decreases. At a certain time T = T,(s) the visco-
plastic region vanishes; this instant corresponds to zero value of the
velocity u,(1) of the elastic part of the bar (Fig. 4), so that the
motion of the bar is completely stopped. Thus, in all cases a definite
part of the bar joining the free boundary remains undeformed.

For a small value of T the asymptotic representation of the basic
characteristic of motion has the form

(W) =V12t+o0(VT), ue(t)=1—st (4.1)

For 7 close to 7,, the characteristics of motion are

5
Tl\ B =2Vt —t4+ o (V1ui—7), 0(0)=s(m—1 (4.2)
In the general case the system (3.6) requires numerical
\\\ integration for its solution. The results
025 \ 1 of integration for a few values of Saint
| Venant’s parameter are plotted in Figs.
3-5.
S
In the case of very large s, the so-
) ; 7y  lution can be written in explicit form.
In fact, in that case, during the com-
Fig. 5.

plete motion g is very small, so that we
can neglect 7 as compared to unity, on
the right-hand side of the system given by Equation (3.6). After that,
the solution of system (3.6) satisfying the conditions (3.7) can be
imediately written in explicit form, namely
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I

1 1 4 1 1 ,
q:4{(T‘T>_S3<T__T)}’ p:T—T’ Ti ‘—S (4.3)
In order that the solution (4.3) be applicable it is necessary that
(1 -{q) differs not more from unity than, for instance, 0.1. A simple
calculation shows that for such purpose s should be
iy \ larger than 200. This method of calculation can be

made more precise without any essential complication.
Yie replace on the right-hand side of Equa-
tion (3.6) the factor (1 -Vq)™! by « and
0A~“— we consider « as an undetermined constant.
1 It is very easy to see that here the solu-
tion of Equation (3.6) satisfying the con-
”““'“”“T(:::; dition (3.7) can be written as
| =4 {E—D— g G-, p=p—
18 70 00 1004
Fig. 6. T =B,

B=— (4.4)

[0

Now, it is necessary to establish the relation between « and the
parameter s; or, which is the same, to find the relation B = F(s). If
the function F(s) is known, then Formula (4.4) gives the approximate
solution, where the most interesting parameters — the greatest magnitude
of the visco-plastic region §,*, and the duration of the motion T, — are
determined by

eow 137 s 1 L
B == =1.37VF (s), = =F(s) (4.5)
Thus « can be taken to be equal to the average of (1 ~J4)~! during
the entire interval of motion. Here, the function 3 = 7 (s) is deflined

implicitly by
1

1
1 S dy 1 S dy
o = ——— — —— — = B —_—— (4.6)
Bs I—V&@Bu—y) = ¢ )=V
The plot of the function p = 7,{s) is given in Iiz. 6. !or explicit
analytical representation of the solution, which is sufficiently exact,
we can set the constant « equal to [1 - (17, where (N 7) denotes the

average value of N7 during motion. Dy virtue of (4.4) we
B

L~ (V) =1 — S\ VE—0 67 B vdr -

2Ty Tt VR e
L o A B 1OV — =3
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"ence, the function p = F,(s) is determined in final form

B Fy(s) — WA 1.4232— 1.05]2 @)

The approximate formula is sufficiently exact
already for about s > 2,

Now we determine the form of the bar
after impact. From the condition of the
incompressibility of the material we

\\\\\\\‘E’ have

10

F=Fy(1+ %Z_)‘ (4:8)
Fig. 7. ,

where I = F(x) is the cross-section of
the deformed bar; U is the instantaneous longitudinal displacement and
F, is the cross-section of the undeformed bar. At the end of the impact,
t = t,, we have for an arbitrary section x

I tes (x) Tax (2)
oU * dv (z, t) © o Ov'(x, t) * o Ou (g, T)
o = dt = —_—— dt == — 7T — dT
a \ B & F] : ]
‘ 0 i ty (x) ‘ '.,,'\(E) E
(tax (T} 2 Ly (%)) (4.9)

Here t*(x) and t**(x) are the roots of the equation x = x,(t); T*(E)
and T_ (§) are the corresponding dimensionless quantities; r = pvyl/u is

the Reynolds number.

By virtue of (3.1) and (4.9) we find

A = DT L Orf(E) (4.0)

o ~—.2,.T*§~J un (T) [Eo (T) — E] dt _F—Fy
A £ (1) I3

75 (3)
Figure 7 shows, for different values of Saint Venant's parameter s,

the graph f(§) which characterizes the varying form of the bar after
impact.
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